
 

Proposition 7 4

F very monotonic function f
a b IR is

integrable
Proof
Let f be monotonically increasing far
monotonically decreasing f there is an

analogous proof set

Xk i a K but K o l h

this gives an equidistant sub division

of a b With respect to this subdivision

define step functions 4,21 E Sla b

461 f Xie i for Xie ex a XK

VI x fly for Xk ie x exk

and 4 b 4lb f b As f is monotonically
increasing we have
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fa n big enough

Prop 7.2 f is integrable a

Example 7.2

i we use rectangles to estimate the area

under the parabola y xt from 0 to 1
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We notice that the area of S must be

between 0 and I S is contained in

square with side length 1

Improve by dividing S into 4 strips
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lit approximate 141

For approximated area we then get
Ry te H't 4 Est't 4 E t it

1552 0 46875

We also see from the figure that the actual
area A of S is less than Ra

A 0.46875
Use second approximation

Yn The area is given

y
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get the following estimate for area of s
0.21875 A LO 46875

repeat the procedure for larger number
of strips
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Computing the sum of areas we now get the

following estimate
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0.2734 O 3984

With 1000 strips we narrow it down to

O 3328335 A O 3338335
A ne O 3333335 is a good estimate

ii we show that fi mRn t
Proof
we have Rn E ri where ri L Cia
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Now we use
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can be shown by Induction

Using C I we get
Ru mtg h ntl gC2h htt 2 ut l

6h2
Thus we have
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From Prop 7.4 we know that fish _Is
as well Thus altogether we get
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Definition 7 4 Riemann sums

Let f la b R be a function
a Xo L X L Xu b

a sub division of la b and 3k an arbitrary
point on the interval xx Xu We denote by

2 Xx o Ken Dicken
the set of Xie and 3k Then

SCZ f II far Gk Xm

is called the Riemann sum of the function
f with respect to to 2 The Riemann
sum is nothing else than the integral
of the step function which approximates

f at the points 3k
Yr
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The fineness of 2 is defined as
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Theorem 7 I i

Let f a b IR be a Riemann integrable

function There there exists for every soo

a 820 such that for every choice 2

of points xk and 7k of finenesselz as
we have

I fbffddx SCZ.FI EE

One can also write this as follows
iffy o if fcxIdx

For the proof we have to do some work

Proposition 7.5 Linearity and Monotony
Let f g a b IR be integrable and aek

Then the functions fig and tf are also

integrable and we have
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it fabCrf dy a fHdx
iii f E g Ifdxefabgcxldx.pro
We want to use the criterion of Prop 7.2
i Yet e 0 be given Then we have

step functions 4 4 k the slab s t
Y E f E Y K Eg Ek

and

461 Dx Lb9,61dx E E and

4 G dx 461 dx E E
Addition gives

4 t 4 E ft g E Y t 42
d

4,61 4,67 dx 1 4,67 41 7 dx E E
ft g is integrable with integral givenby i

Ii The claim is trivial for A o and a I

need to show for a o Let E o be given
7 step functions 9,4 with clefs 4 and
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1 416 dx 1 29 dies

From this ii follows
iii trivial I


